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Abstract 

In this paper, weakly homogeneous generahzed functions in the special Colom- 
beau algebras are determined up to equality in the sense of generalized distri- 
butions. This yields characterizations that are formally similar to distribution 
theory. Further, we give several characterizations of equality in the sense of 
generalized distributions in these algebras. 

1 Introduction 

In [9], homogeneity in algebras of generalized functions on M.'^ and on \ {0} is 
investigated. Such algebras have been developed by many authors [H HI El [TO] 
mainly inspired by the work of J.-F. Colombeau [2|, and have proved valuable 
as a tool for treating partial differential equations with singular data or coeffi- 
cients (see [llj and the references therein). In [9j, the attention is focused on 
the special Colombeau algebra: the existence of embeddings of the space of dis- 
tributions V with optimal consistency properties into this algebra [HI §1.1-1.2] 
allows to compare homogeneity of generalized functions with the distributional 
homogeneity. 

A result of this investigation is that the class of generalized functions (called 
strongly homogeneous) satisfying a homogeneous equation in the sense of the 
usual equality in the algebra, is surprisingly restrictive: on the space M"^, the 
only strongly homogeneous generalized functions are polynomials with general- 
ized coefficients. Hence the embedded images of homogeneous distributions fail 
in general to be strongly homogeneous. For that reason, generalized functions 
(called weakly homogeneous) satisfying a homogeneous equation in the sense of 
generalized distributions ^ §7.5], i.e., when acting on (smooth, compactly sup- 
ported, non-generalized) test functions, were considered in [9] and were shown 
to include the embedded images of homogeneous distributions. 

The purpose of this paper is to characterize and study in detail the weakly 
homogeneous generalized functions. 

We now describe our main results. On R, the weakly homogeneous general- 
ized functions of degree a G M \ {—1, —2, . . . } are, up to equality in the sense of 
generalized distributions, of the form cil{x°L) + C2t(x° ), where t denotes an em- 
bedding of T>' into the Colombeau algebra and ci,C2 are generalized constants. 
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and those weakly homogeneous of degree a € {—1, —2, . . . } are, up to equal- 
ity in the sense of generalized distributions, of the form ciD~°'~^ i{6) + C2t(x°) 
(Theorem 15. Sp . 

A weakly homogeneous generalized function / on ]R'^\{0} is, up to equality in the 
sense of generalized distributions, of the form g{x/\x\) where g G ^(M'^\{0}) 
is a radial mean of / (Theorem I6.4p . Further, a generalized function is shown 
to be weakly homogeneous if and only if it satisfies the corresponding Euler 
differential equation in the sense of generalized distributions (Theorem I5.3p . 

Let us emphasize that weakly homogeneous generalized functions are not 
assumed to be associated with a distribution [S', §1.2.6]; hence these results can- 
not be obtained as a consequence of distribution theory (moreover, we will show 
that certain properties of distributions usually used to characterize homogeneous 
distributions do not hold in this more general setting (Examples 14. 4| 15. 5p ) . In- 
stead, we develop other techniques using the uniform boundedness principle and 
properties of the Fourier transform in sections El and HI This allows us to ob- 
tain characterizations for the equality in the sense of generalized distributions 
(Theorem 13.51 Theorem 14. 2p . We also indicate that some of our results can be 
obtained in more general sequence space algebras of generalized functions (Sj Hj . 

2 Preliminaries 

Definition. We call a sequence (an)neN of maps (0, 1] — > an (asymptotic) 
scale if 

(Vc G E+)(3A^ G N)(a7v(e) < c, for small s) (1) 
(Vn G N)(a„+i(e) < a„(e), for small e) (2) 
(Vn, m G N)(3iV G N)(aAr(e) < a„(e)a„(e), for small e). (3) 

This definition is a slight generalization of the definition of asymptotic scale 
in [3] with the purpose to also allow a„ = 1/n as a scale. We also adopt the 
notation a_n(e) := l/a„(e). 

Definition. Let E be a topological vector space and (an)neN o- scale. Following 
l^, the set AiaiE) o/ a„-moderate nets in E^^'^^ is defined as the set of those 
{ue)e G -E^^'^J for which 

(VC/ neighh. of in E){3N G N){us G a^N{e)U, for small e). 

In particular, we call 1 / n-moderateness also asymptotic boundedness (since it 
is closely related to the notion of boundedness for subsets of a topological vector 
space). 

The set Ma{E) o/ On-negligible (or: a„-rapidly decreasing^ nets in £'('^'^] is de- 
fined as the set of those {us)s G £^('^'-'^1 for which 

(VC/ neighb. of in E)(ym G N)(u£ G am{e)U, for small e). 

In particular, 1/n-negligibility coincides with convergence to 0. Since the no- 
tions of a„-moderateness and a^-negligibility remain unchanged when each a„ 
is changed on an interval [e„, 1] (cn > 0) and when (a„)„gN is replaced by a sub- 
sequence, we can always find an equivalent scale (6n)neN of maps (0, 1] (0, 1] 
such that for each m, n G N, bn+m < ^n&m- This will be silently assumed when 
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it is allowed to consider an equivalent scale. It is also sufficient to test moder- 
ateness and negligibility for a base of neighbourhoods of only. In particular, if 
E is locally convex, with a family of seminorms {pi)i£i describing its topology, 
then 

Ma{E) = {{ue)e G : (Vi G I){3N G N)ipiiue) < a-^(e), for small e)} 

Ma{E) = {{ue)e G : (Vi G /)(Vm G N)(p,(n,) < a„(e), for small e)}. 

If {an) = (e"), we simply write M{E) for A^a(^), M{E) for A/;(E) and := 
M.{E)/M{E) is the Colombeau C-module based on [7J §3]. The element 
u ^ Qe with representative (ue)^ G A^(-B) is sometimes denoted by [(ue)^]. 
Further, := M°°{E)/M{E) C Ge U\ Ex. 3.10], where 

M'^^iE) = {{us)e G : {3N G N)(Vf G I){pi{ue) < e'^ , for small e)}. 

Let C M"^ open. If we choose in particular E = C°°{Q) with its usual locally 
convex topology, then Qe = is the special Colombeau algebra of generalized 
functions on $7 [7, Ex. 3.6]. Usually, M.{E) is then denoted by £m{^)- The 
subalgebra Gd^) of compactly supported generalized functions is the set of 
those u G G{^) having a representative {us)s with (suppiie)^ G K^^'^\ for some 
-RT CC O. If we choose E = C, Ge = C is the ring of Colombeau generalized 
constants. For / € Gc{^), / G C, defined on representatives by {J^fe)e G 
M.{C), is well-defined. G°°{^) is defined as the algebra of those u G ^(0) having 
a representative {ue)e for which 

(V-fC CC n){3N G N)(Vq G N'^)(sup \d''ue{x)\ < for smah e). 

Similarly, (17) := G°^{^) n ^c(S7)- Denoting by the space of compactly 

supported C°°-functions on Q, f,g £ Gi^) are called equal in the sense of gen- 
eralized distributions if for each (p G 'D{Q), f(p = gcf). 

If we choose E = , Ge = '^'^ is the set of d-dimensional generalized points. 
For an open set Vl C W^, the set of compactly supported generalized points 
of VI is the set of those j; G M*^ having a representative {xs)e G K^^''^\ for some 
K CC 9.. In particular^ for = M+ = {x G M : x^> 0}, we denote Oc by M+. 
For u G 5(0) and x G the point value u{x) G C, defined on representatives 
by (tie(rE£))£ G A1(C), is^ well-defined [8l 1.2.45]. By a similar Taylor-argument, 
for u G Gc{^'^) and ^ G M'^, the Fourier transform {i(^) = u(x)e~*^^ G C is 
well-defined. Moreover, u G 5(0) is completely determined by its point values 
in compactly supported points [8', Thm. 1.2.46]. There exist embeddings l of 
the space of distributions V^Q) into 5(0) that preserve the linear operations, 
derivatives, the product of C°°(0)-functions and the pairing (i.e., for T G V{Q) 
and G 'D(O), i^{T)(f) = {T, 0) in C). For further properies of 5(0), we refer 
to iSj. 

We refer to [13] for definitions related to topological vector spaces. In particular, 
a barreled topological vector space is not assumed to be locally convex. We refer 
to [6] for the definitions of the regularized distributions x"™, Pf {H{x)/x'^), x" , 
x'^ G V'{R) (for m G N, m > 1 and a G M, a / -1, -2, . . . ). We will also 
denote 5"^-^ = {x G M'^ : |x| = 1}. 
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3 Uniform boundedness and weak equalities 



In a way similar to the use in [12] of the Baire theorem, we exploit the uniform 
boundedness principle to show that an equality in the sense of generalized dis- 
tributions automatically holds for test functions in the larger space We 
cast our results in a general framework for two reasons: 

(1) In this way, it is clear that our results for Colombeau algebras also hold for 
more general sequence space algebras [31 H] . 

(2) Using the framework of Colombeau algebras based on a locally convex vector 
space E [7], our results can be applied to other spaces than V{Q) (e.g., this is 
already needed for Proposition 15. 7p . 

Lemma 3.1. Let E be a topological vector space. Let {en)neN £ (0,1]^ with 
En as n —I- oo. 

L If {u^)^ G J5;(0'i] is asymptotically bounded, then {u^^ : n £ N} is a bounded 
set in E. 

2. Let (a„)„gN be a scale. If (ne)^ G A4a{E) and {mn)nef'i £ tends to 
infinity, then {ara(em„)wem„ : n € N} is a bounded set in E. 

3. Let (a„)„gN be a scale. If {us)s € J\fa(E) and M G N, then {a_Af(en)^*e„ : 
n E N} is a bounded set in E. 

Proof. (1) Let f7 be a balanced neighbourhood of in E. As {us)e G E^'^'^^ is 
asymptotically bounded and e„ — s- 0, there exists M S N and A € M"*" such that 
{ue„ '. n > AI} C XU. Then there also exists A' € such that the union of 
: n > M} with the finite set {u^^ : n < M} is contained in X'U. 

(2) Let U he a balanced neighbourhood of in E. Then there exist M € N and 
N ^ N such that for each n > M, u^^^^ G a^N{em„)U . Hence an{em„)uem„ ^ 
0"ni£m„)0'-Ni£m„)U Q U, as soon as n > max(iVf, N). As in part (1), this implies 
that there exists A G such that {on(em„)^iem„ : G N} C AC/. 

(3) By definition oiMaiE), the net {a-M{£)us)e is asymptotically bounded, VM. 
The result follows by part 1. □ 

Theorem 3.2. Let E be a barreled topological vector space. Let (art)nGN be a 
scale. Let (T';.)^ G A4a{E') (for the topology of pointwise convergence), i.e., 

(Vn G E){3N G N)(|r^(u)l < a_iv(e), for small e). 

1. If{ue)e G Ma{E), then also {T,{u,)), G Ma(,C). 

2. Let (a„) = (1/n) or let the topology of E have a countable base of neigh- 
bourhoods ofO. If {u£)£ ^J\fa{E), then also {Ti;{ue))e G A/'a(C). 

3. Let E be locally convex with its topology generated by a sequence of semi- 
norms {pk)keN- Then 

(3M G N)(3eo G (0, l])(Ve < eo)(Vu G E){\Ts{u)\ < a_Af(e) maxpfc(n)) . 

k<M 

Proof. (1) Supposing that {Ts{uc))e ^ ^Aa{C), we find a decreasing sequence 
(en)nGN tending to such that \Ts„{usJ\ > a_„(e„), Vn. As {Ts)e G Ma{E'), 
{an{£2n)T£2„ : n G N} is bounded in E' (with the topology of pointwise conver- 
gence) by lemma [3ni 2). Hence the uniform boundedness principle [131 Thm. 33.1] 
implies that {a„(e2n)7e2n : ?^ S N} is equicontinuous, i.e., 

(Vr G M+)(3C/ neighb. of in S)(Vn G N)(Vu G U){\an{e2n)Te2„{u)\ < r). 
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Choose r = 1 and choose a corresponding neighbourhood U. Since {u^)s G 
MaiE), there exists N £ N such that a7v(e2n)^*e2n ^ sufficiently large n. 

But then \an{e2n)T£2„{aN{e2n)ue2„)\ < !> for sufficiently large n. Hence 

l^£2n(^£2n)l ^ (e2n ) AT (e2n ) < (a-n(e2n))^ < a-2n(e2n), 

for sufficiently large n. This contradicts |Te^(n£^)| > a_n(en), Vn. 
(2) First case: (a„) = (l/n). Supposing that Ti^iu^) -f^ 0, we find A G M"*" and 
a decreasing sequence (en)neN tending to such that |re„('U£„)| > A, Vn. By 
lemma [3JT 1). {T^^ : n G N} is bounded in E' . As in part (1), it follows that 

(3C/ neighb. of in S)(Vn G N)(Vu G C/)([re„(M)| < A) 

and since 0, u^^ G ?7 for sufficiently large n. A contradiction follows. 

Second case: let {Un)n&\ be a countable base of neighbourhoods of in with 
^n+\ ^ Vni Vn. As («e)e G J\fa{E)^ we find for each m G N some ry^ G (0, 1] such 
that lie G am{£)Um, Ve < r/^- Supposing that (Te(Me))e ^ A/'a(C), we find M G N 
and a decreasing sequence {en)neN tending to such that \Tir^{ue„)\ > aM(e 
Vn. We may suppose that e„ < r/„, Vn. Now let 



] a-Mi£n)a-ni£n)ue„, £ G {e„ : n G N} 
10, otherwise. 

Let [/ be a neighbourhood of in E. Then there exists G N such that CU. 
Hence, Vn > A^, as e„ < r/„, 

= a_M(en)a_„(e„)n£„ G a^Mi^nWn ^ a-M{£n)U. 

Hence (?;e)e G A^a(^). By part (1), {Te{ve))e G Ma{C). Further, Vn, 

|ren(^e„)l = a-A/(en)0-n(en) |Te„(u£„)| > a_„(e„). 

This contradicts iTe{v£))e G Ma(C). 

(3) By contraposition, we find a decreasing sequence (en)neN tending to and 
Un e E such that \Te„{un)\ > a_„(e„)maxfc<„pfc(^in), Vn. By lemma [3m2), 
{an(£2n)Te2n : G N} is bounded in E' . Expressing the equicontinuity, we 
obtain 

i3C G M+){3N G N)(Vn G ^)(Vn G N)(a„(e2n) l^e^Ju)! < Cmaxpfc^). 

In particular, for sufficiently large n G N, 

a-n(e2n)maxpyt(u2n) < a„(e2n)0-2n(e2ri) maxpfc(u2„) 

/c^CAf k<2n 

< an(e2n) |?'£2n(^^2n)| < C maxpfe (^i2n) , 

k<N 

hence a-n{£2n) < C, for sufficiently large n, contradicting the fact that is a 
(w.l.o.g. decreasing in n) scale. □ 

Theorem 3.3. Let E be a barreled topological vector space. Let {an)n£f>s be a 
scale. Let (Vm G N)(3n G N)( lim = O) or let every bounded set in E be 

precompact. Let (re)^ G Ma{E') (for the topology of pointwise convergence). If 
{us)£ G £'('^'^1 is asymptotically bounded, then also (Te(u£))£ G A/'a(C). 
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Proof. Supposing that {Tir^Uir))^ ^ A/'a(C), we find M € N and a decreasing 
sequence (en)neN tending to such that \Ts„{u^^)\ > aMi^n), Vn. If every 
bounded set in E is precompact, choose M' = M; otherwise, choose M' such 
that hm^^o "e^^j^e) ~ ^' lemma ITTT S). {a_j\//(e„)Te,^ : n € N} is bounded in 
E' (for the topology of pointwise convergence). As in proposition 13.21 we find a 
neighbourhood U oi in E such that 

(Vn G n){yu e U){\T,^{u)\ < aM'{en)/2). 

By lemma [3T1T 1). {u^^ : n € N} is bounded. 

First case: every bounded set in E is precompact. Then we find a finite subset 
F Q E such that 

(Vn G N)(3v G F)(n^„ - G f/), 

hence also 

(Vn G N)(37; G F)(|r,„(n,„ - v)\ < aA/(£„)/2). 
Further, since (Te)^ G Na{E') (for the topology of pointwise convergence), 

(3eo G (0,l])(Ve < eo)(Vt; G F)(|r,(7;)| < aM{e)/2). 

Combining these identities, 

(3iV G N)(Vn > iV)(3i; G F)(|r,J^.,J| < |r,„(tx,„ - ^;)| + |T,„(t;)| < aM(en)). 
This contradicts \Te„{ue^)\ > aMi^n), Vn. 

Second case: as {u^„ : n G N} is bounded, there exists A G M"*" such that 
G AC/, Vn, hence also 

|re„(ne„)| < AaM'(en)/2 < aM(£n), 
for sufficiently large n, again contradicting |T£^(ne„)| > aj\/(e„), Vn. □ 

Proposition 3.4. Zei E be a strict inductive limit of Frechet spaces (£'„)„gN- 

1. For each n G N, the identity map on representatives A4{En) Ai{E) 
induces a canonical embedding Qe„ — Ge- 

2. Identifying Qe^ with its image under the embedding in part (1), Qe = 

UneN ^-En • 

3. For each n G N, Ge,, ^Qe = (hence also = U„eN J- 

Proof (1), (3) For each n G N, E^^^ n MiE) = M{En), E^n'^^ nM{E) = 
M{En) and E^n'^^ n M°°{E) = M°°{En) follow easily since a convex U O E is 
a neighbourhood of in iff C/ n En is a neighbourhood of in En, for each n 
and because the topology on £"„ is the relative topology induced by E. 
(2) Let {us)e G M{E). We show that there exists m G N and Eq S (0,1] such 
that for each e < Eq, € Em. For, supposing the contrary, we find a decreasing 
sequence (en)neN tending to such that u^^ ^ En, for each n. As in the 
proof of \13\ Prop. 14.6], one can inductively construct convex neighbourhoods 
Un of in En such that Un+i Ci En = Un and £'jUej ^ Un, for each j < n. 
Then = (JneN ^ convex neighbourhood of in and for each n G N, 
Ue„ ^ ^n'^U, contradicting {us)e G Ai{E). So if u G Ge, we find m G N and a 
representative (ms)^ of u such that (ue)e G -Em'"*^' n M{E) = M{Em). □ 
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Theorem 3.5. Let n Q R'^ open. Let f G g{n) and T G V\n). Let f^fc/) = 

T{^), V0 G v{n). Then = r(0), Vc^ G G^in). 

Proof. By the hypotheses, the net (cp ^ Jq fe4> - T{(t)))e G M{V'{VL)). Let 
</> G ^^(Q). By proposition 13.4( 3). for a compact exhaustion [Kn)n&^ of fi, 
Qrm = u nGN^©|x„) ~ ^V{n)- Then there exists G N and a representative 
(i;^)^)^ of (j) such that the net {e^(j)e)e is asymptotically bounded. As 'D{Q,) is 
barreled [HI Prop. 34.4], the net {e^ {J^ fe(l)e-T{(t)e)))e e M{V{9.)) by theorem 

E31 □ 



4 Characterization of equality in the sense 
of generalized distributions by means of the 
Fourier transform 

Definition. A generalized point [(xe)^] G is said to he of slow scale if for 
each a G M^, [xgl < e~", for small e. We denote the set of slow scale points by 

Proposition 4.1. Let f £ ^^(M"'). Then / = iff f{C) = 0, G M^,. 

Proo/^ If / = 0, then clearly /(^ = 0, G M'^. Conversely, let /(^ = 0, 
G Rgg. Let (/e)^ be a representative of / with supp/^ C K CC M'^, Ve. Since 
/ G ^^(M'^), there exists M G N such that for each /3 G N^, 



sup \feiO\ = sup < K^) sup < E'^' , for Small e. 



We show that for each G N, there exists G N such that 

sup |/e(^)| < e'', for small e. (4) 

Supposing the contrary, we would find A; G N, a decreasing sequence (en)neN 
tending to and with < e^^^" and |/e„(Ce„)| > e^, Vn. Defining = 
for e ^ {Sn '■ n G N}, the net {^e)e would represent some ^ G Mf^; yet /(^) 7^ 0, 
contradicting the hypotheses. 

Now let fc G N arbitrary. Choose G N as in equation Then for each 

[iXe)e] G if, 

(27r)'^|/,(x,)|= / feiOe'^'^d^ < I , \?e{i)\di+ [ , \feiO\dC 

for small e (for some C G Since G N and a; G MJ? are arbitrary, / = 0. □ 

Theorem 4.2. Lei / G t/c(IK^)- The following are equivalent: 
1. [ /(/. = 0, V0GD(M'^) 



£ / f^ = 0, V(/.Ge?~(M'^) 



3. /(e) = 0, ^uKs- 

Proof. (1) ^ (2): by theorem 13.51 

(2) ^ (3): let i = e R^. For /? G sup^e^J^^e-^^^^l < < e-\ 
for small e. Hence x ^ e"*?^ G g°°{R'^). As / G ^c(IR ), there exists tp G ^(M'^) 
with /-f/; = /• Since ipe~^^^ G Q'^iW^), the hypotheses imply that 

m= I /(x)V(x)e-^«^'(ix = 0. 

(3) (1): let </> G V{W^). Then /★(/> G ^^(I^'^); since with K = supp/ CC W^, 

sup |5^(/e*(/>)(x)| < /i(i^) sup I/el sup I a^<^|, 

where /i denotes the Lebesgue measure. Since for each ^ G M'', /*(/>(0 = 
f{04'iOy obtain by proposition 14. 1 1 that /*i?!> = 0. In particular, (/*(/))(0) = 

4. /(y)<A(-y) = o, V0 g □ 

Notice that proposition l4.1l and theorem l4.2l are consistent with the statement 
in [12] that for O C M'^ open and / G / = iff ^ /(/) = 0, V0 G ^(l^). 

Corollary 4.3. Let f G ^(M'^). // 

/ f{x)M^i)---Mxd)dx = 0, V0i,...,</>rfGP(M), (5) 
then 4, /(A=0, V(/. G P(IR'^). 

Proo/ Fix 4)2, ■ ■ ■ ,(l)d^ T^iR) and let F{xi) = Jj^a-i fix)(p2ix2) ■ ■ ■ (I>d{xd)dx2 ■ . . dxd- 
Then F G G{M.) and by hypothesis, dxi = 0, V(/) G P(IR). By the- 

orem 13. 5| the same holds for each G (M) . Inductively, equality ([5]) holds 
for each 0i, 0^ G ^^(M). 

Now fix 1^ G 'D{W^). Then there exist ipi^ ■ ■ ■ ■,'4'd G such that (f) = ipcj), where 

V'(x) = • • •^d(xrf) G ^(M'^). Let C € if,. Since Xj 6"^^^^^ G a°°(M), 

for j = 1, . . . , d, it follows that 

/V'(e) = / /(x)(V'i(xi)e-^«i^'i) • • • {Mxd)e-'^'''') dx = 0. 
jR<i 

As /V' G ac(M^), 4d /V'./. = 4, /(A = by theorem □ 

The following example shows that there is no analogue in g{W^) to the usual 
distributional argument that, if ^ is a dense subset of ViW^) and T G ViW^) 
satisfies (T, (/>) = 0, V(/) G ^, then T = 0. 

Example 4.4. Xei yl C ^{W^) he a countable, dense set. Then there exists 
f G ^(M'^) such that 

1. /(/. = 0, V0 G ^ 

2. there exists (po £ 2?(M'^) suc/i that Jj^^j /(;^o = 1- 
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Proof. Let A = (f>2, • • • }• Since 'D{W^) is of uncountable dimension (it con- 
tains 2?([0, l]'^), which is of uncountable dimension as a Baire topological vector 
space of infinite dimension), there exists (f>o € T){M.'^) \ span^. Let m € N. By 
a linear algebra argument [3 Lemma V.3.10], there exists gm S C°°(M'^) such 
that J^d gm4'o = 1) J^d gm4'j = 0) for J = ^,---,rn. Now choose a decreasing 
sequence (en)neN G (0, 1]^ tending to such that sup|^|<„ |q,|<„ \d°'gn{x)\ < e~^, 
for each n G N. Let fs = gn, for each e £ {en+i,£n], for each n G N. Since 
sup|a;|<n,|a|<n |t^"/e(^)l ^ ^ ^nj the net (/e)£ is moderate, hence repre- 

sents 7 G OCK'^) with 4, /0o = 1 and f^d /0„ = 0, Vn > L □ 

Proposition 4.5. Zei / G ^(IR'* \ {0}). // 

f{x)u{\x\)v (^-^^ dx = 0, Vn G P(M+),V^; G ^(M'^), 
i/ien f^d f(i) = 0, V(/. G P(M'^ \ {0}). 

Proof. Let {Uj,aj)j=i^,,,^rn be a finite C°°-atlas for the unit sphere 5*^^^ = {x G 
R*^ : \x\ = 1} and let {gj)j be a C°°-partition of unity of S'^~^ subordinate to the 
cover {Uj)j. By assumption, for u G P(M"^), v G D(M'^) and j G {1, . . . ,m}, 

/./W"<i^|'"(r)*(r)''=°' 

Denoting the Jacobian of the transformation a^^ by J^-i and the local coordi- 
nates by = (^i, . . . , we obtain 

firaj\e))uir)v{aj\e))gjiaj\e)y-^\J^-iie)\ drdO = 0. 

Let F(r,e) = /(raTi(e))5j(aJ^(e))n(r). Since suppF CC M+ x aj{Uj), we 
have for each (p G D(M) and $ G D(R'^"^) that /j^^ -F(r, e)(/)(r)$(e) drdB = 0. 
By corollary 14.31 for each tp G V{M.'^), also f^d F{r,Q)ip{r,@) drdQ = 0. Since 
M G is arbitrary, this imphes that for each G ^'(M'^ \ {0}), 

f{rajHemra-\e))gj{aj\e)y-'\J^-^mdrdQ = 0. 



Hence 



f<P=f2 [ fi^)H^)9j (a) dx = 0, V0 G \ {0}). 



□ 



5 Weak homogeneity in ^(M) and ^(M \ {0}) 

Let J7 = or \ {0}. 

Let / G and a G M. Following [9], / is called weakly homogeneous of 

degree a iff 

f{Xx)(l){x)dx = [ \'^f{x)(t){x)dx (6) 



for each A G and each (j) G 15(17). By theorem 13. 5^ this then also holds for 
each A G M+ and each </> G Q'^{^). 
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Lemma 5.1. Let f G a G M and tp G Q^{Q). If equation ^ holds for 

each A € M"*" and each (p £ {x ipifJ-^) '■ A* £ ^c°(^); then the map F : 

A I— > J^d f{^x)ip{x) dx defines a (strongly) homogeneous generalized function of 
degree a in 



Proof. Fix representatives {fe)s of / and {'tpe)e of tp- Consider for each e G (0, 1], 
Fe G C°°(M+): ^^(A) = Jjjd fe{Xx)'ipe{x) dx. Since for each K CC M+ and m G N, 



sup \D"'Fe{X)\ = sup 

AGii" AeA' 



„ d 

/ V di^...di^fe{\x)Xi^ 

ll,...,lm = l 



■■Xi^^e{x)dx 



- X] l^ii • • ■ sup \Xi^...Xi^llJe{x)\, 

ii,...,i,„=l yeA'-supp(V') a;esupp(i/)) 

(Fe(A))e G fA/(IR''') (and the definition is independent of representatives). Hence 
F G a(M+), where F(A) = /g^/(Ax)V'(x) dx. 
Further, for G M+ and A G M+, 

F{i^X)= [ f{^i\x)i,{x)dx = ^J f{piy)4\)dy. 
jRd A" Jj^d VA/ 

Since 1/A G M+, the hypotheses imply that 

^(z"^) = C / /(y)^(f ) dy = l^'' [ /(Ax)V(x) dx = /i"F(A). 
A'' jRd VA/ 7]gd 

□ 

Corollary 5.2. Let f G ^(^2) 6e weakly homogeneous of degree a. Then f 
satisfies equation ^ for each A G and each (p G 

Proof Let G Let F(A) = /jg^ /(Ax)(/)(x) dx. As F G a(M+) is strongly 

homogeneous of degree a, by [HI Lemma 4.3], F(A) = cA", for some c G C. Since 
c = F(l), the point values at A G yield the result. □ 

Theorem 5.3. Let f G Q{^1). Then f is weakly homogeneous of degree a iff 
f satisfies the corresponding Euler equation in the sense of generalized distribu- 
tions, i.e., 



a „ 

> Xidif{x)(p{x) dx = a f{x)(p{x) dx, 
1^1 



for each G Q^{^). 

Proof. ^: Let <P G G^{^). Let F{\) = f^d f{Xx)(p{x) dx G As F(A) 

cA", for some c G C, 

d/F(A)x AnA)-aF(A) 
dAV A" / A°+i 

as a generalized function in ^(R+). Taking the point value at A = 1, F'{1) 
aF{l). The result follows by differentiation under the integral sign. 
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^: Let 4) G ^r(^)- Let F G g(M+) be as before. Let G{\) = Then 

^ d 

G"(A) = J^^ ( J^5,/(Ax)Ax, - a/(Ax))(/<(x)dx 

by the hypotheses, since x i-^ (j){x/X) € ^^(fi), for each A G M+. Hence G is a 
generahzed constant P 1.2.35], i.e., G(A) = G(l), VA G i+. □ 

Theorem 5.4. Lei / G ^(M \ {0}) 6e weakly homogeneous of degree a. Then 
there exist ci, C2 G C such that for each (j) G I5(M \ {0}), 

f{x)cl){x)dx = ci / |x|" + C2 / 0(2;) dx. 

Proof Let c/(x) = For G P(M\{0}) and A G M+, since ^ G P(M\{0}), 

Sr(Ax)(/)(x) dx = / /(Ax) dx = [ f{x)j^dx= [ g{x)(t){x)dx. 

.hi A° X ./to X ./k 



Since 5 G g{M \ {0}), by theorem 

g'{x)x(p{x)dx = 0, V0gP(M\{O}). 
Since P(M \ {0}) = {xcp : (p e V{R \ {0})} and by partial integration, 

g{x)(j)'{x)dx = 0, V(/) G P(M\ {0}). 



/ 



Fix 01 G P(M \ {0}) with cpi = 1, 0i = and (/>2 G V{R \ {0}) with 
/r- 02 = 0, 02 = 1. Let G P(M\ {0}) arbitrary. Call ^ = - 0)0i - 
(/s+0)02. Since {0' : 0G P(M\{0})} ={0GP(M\{O}) :4_0 = /j,+ = 0}, 
J^g{x)ip{x) dx = 0, hence with Cj = J^g{x)(j)j{x) dx {j = 1, 2), 

g{x)(j){x) dx = ci / 0(x) dx + C2 / 0(x) dx, 

for any G V{R \ {0}). The statement follows from the fact that 2?(M \ {0}) = 
{4.:0GP(M\{O})}. □ 

The following example shows that the extension of the previous result to the 
case = M is nontrivial. 

Example 5.5 (Weak point support). There exists f G g{R) such that fcj) = 0, 
V0 G V{R \ {0}), hut yet /jj /0o / for some 0o G V{R) with D^io{0) = 0, 
Vfc G N. 

In particular, for G 'D(R), j^f<p is not determined by L''^0(O), A; G N, and in 
particular, f is not weakly equal to a linear combination of derivatives of 6. 



11 



Proof. Let a = [{e)e] G M and let f{x) = a^l'°°l, for x G Mc, x > a. Since 
for each G N, sup^>o |L>'=(e^'l''^=l)| = sup^>o jlnej^'^ e^l^^^^l < jlnel^'' < for 
small e, / can be extended by means of a moderate cut-off to a function in Q(E.) 
with / > and = 0. As f{x) = 0, for each x G M^, f^f4> = 0, for each 

4> G D(M\{0}). Let (/)o(a;) = e^^(^ G I?([0,2]). Let p = l/ \lna\. Since /0o > 
and a < p < 1, 

r'^p 1 1 



since a^' ' is decreasing and e^(==-2) is increasing on [0, 1]. As e''(''-2) > e p = 
«' /r /'Ao 7^ 0. □ 

Lemma 5.6. Let m G N, m > 1. Let (po G I5(M) ifii/i i?i>o = 1 a neighbourhood 
ofO. 

1. There exist constants Cj G C such that for each (p G T>{M), 

[ (^(-) - E ^^^M-)) % = ^) + E c,D^m- 

•^^ j=0 ■'' j=0 

2. There exist constants Cj G C such that for each (p G I'(M), 

Proof. (1) Follows easily using the fact that 



(The last equation holds, e.g., by induction using the formula Dx~"^ = —mx~^~^ 

[6l §2.4] and partial integration.) 

(2) Follows easily using the fact that [6, §2.4] 



Pf 



H{x] 



X 



m 

X™ Jo j^^ jl / X™ j^^j\{m-j-l)' 



□ 



Proposition 5.7. Let a = [{e)e] G M. Let f G g{R) with f^f4> = 0, V(?!) G V{ 
with D^{Q) = 0, Vi G N. Let K CC R and n G N. Then 



(3m G N)(V0 G P(-fC) wit/i L>-'0(O) = 0,Vi < m) 



/0 
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Proof. Let K CCR and let i? e M such that \x\ < R/2, Vx G K. Let L = {x e 
M : l^l < R} CC M. Let n G N. Let = G : DJ>(0) = 0,Vj G N}. S is 

a Frechet space, as a closed subspace of the Frechet space T>{L). In particular, 
we can apply theorem 13.2( 3) to the space E and the net (</> i— > jj^ fe(j))e £ 

^'(0.1]^ which is asymptotically bounded in E' (with the topology of pointwise 
convergence). Hence we find M G N for which 



(3eoG(0,l])(Ve<eo)(V</>Gii^)( / fe<P 



<Me"+^maxsup ^^(a;) )• 

Now let G I^(i) with ^'(x) = 1, for [x| < R/2. Let XiR\[-e,e] be the character- 
istic function of M\ [— e,e] and let Peix) = e~^p{x/e), where p G 1/2, 1/2]) 
with = 1. Let ip£ = ^ ■ {xR\[-e,e] * Pe) ^ E. Then the net {'4^e)£ represents 
il) G a(M) with V'(5) = for |x| < a/2 and V'(5) = 1 for 2a < \x\ < R/2. Fur- 
ther, sup^^jg l-D-'V'Ca:^)! < cja^^ , for some Cj G M. Since / G ^(M), there exists 
N en such that sup|3.|<^ |/(x)| < a"^. Now let 4> G P(K) with L»^>(0) = 0, 
Vj < m := n -|- 1 -|- max(M, A^). Then by the Taylor expansion, there exists 
C G M such that \D^4>{x)\ < C |xp"^', for each a; G M and j < m. Further, also 
(ptps G E, Ve, so 



< Ma 



n+l 



max sup 

k<M ^5 



Now for k < M, 



sup 



Z)'=(0(l-V'))(x) 



< 2*^ sup 

|a;|<2a,i<fc 



DJ(?i(x)i:)*^-j'(i - v)(x) 



< C" max a™--' a- < C , 



for some C G M. Further, 

/ Mi-V') 

Hence 



2a 



/0(1 - V-) 



2a 



/'A 



< a"+' -FMa"+' max sup 



L''=</.(x) 



□ 



Theorem 5.8. 

1. Let f G ^(M) be weakly homogeneous of degree —m, m = 1,2,3, 
there exist ci, C2 G C such that for each (f) T>{ 



Then 



/(x)0(x) dx = ClZ?"- V(0) + C2 . 



^. iygi / G Q(M.) be weakly homogeneous of degree a G M, a 7^ —1, —2, —3, , 
Then there exist ci,C2 G C such that for each (p eV{ 



f{x)(j){x) dx = Cl (x" , (/)) + C2 (x" , (p) 

where x°,x5: G I''(M) are as in 16, ^2.4]- 
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Proof. (1) Let g{x) = x"^f{x) G ^/(M). As in theorem [57 

g'{x)x(t){x) dx = 0, V(?;» G P(M). 
Since {x(t){x) : (p G V(R)} = {(!)€ V{R) : 0(0) = 0} and by partial integration, 
g{x)4>'{x) dx = 0, V0 G V{R) with </>(0) = 0. 



Since {(/)' : 4> e V(R) with 0(0) = 0} = {0 G D(M) : = = 0}, we find 
as in theorem 15.41 ci , C2 G C for which 



f {x)x'^ <f){x) dx = ci / <f){x)dx + C2 / 0(x)(ix,V0G 

Let 00 as in lemma [5761 Since for any G I'(IR), tp(j, := (j) — "^^=0 ^^~^]r^^'' 4>Q ^ 

{x'^0(x) : G P(M)} = {0 G P(M) : D^{{}) = 0, < j < m}, there exist G C 
such that for any G T>{M), 



[ f{x)^{x)dx=y2ajDU{0)+ci [ t^dx + C2 [ 

JR -n ^ 



Hence by lemma [576} there exist aj G C such that for any G T>{M.), 

m-l I / Tjt \ 

H (x) 



dx. 



/ f{x)(t){x)dx= VajZ)^0(O)+ci(x-"^,0) + C2(Pf 
Jr j.^o \ 

Expressing the homogeneity of order —m in this equation, we find that C2 = 
and aj = for j < m — 1, since [6^, §2.6] is homogeneous of degree —m and 
there exists c G M \ {0} such that 

V (Ax)™ ) \ x-^ J 

(2) Case 1: a = m G N. Notice that is not necessarily in QiR). Let 
G ^(M) with DJ'0(O) = for < j < m. Then ^ G P(M), ^ G ^(M) and 
^ G P(M), hence 







3^ / JR 2; Jig X Jjj X ^ 

By theorem [5731 /ig.x/'(x)^^ dx = m f{x)^^ dx. Hence 

/ = 0' ^ ^ith L»^0(O) = 0,0 < j < m. 

JR 

Since {0' : G V{R) with 1)^0(0) = 0, for < j < m} = {0 G V{R) : /j. = 
4+0 = 0(0) = ••• = I)™-V(0) = 0} = {0 G P(M) : 40 = 4+0 = and 

/(x)0(x) dx = 0, V0 G V{R) with / x"'0(x) dx = / x"'0(x) dx = 0. 

Jr Jr+ 
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As before, we find ci, C2 € C for which 

/ /(x)(/>(x) dx = ci [ x"'(f){x)dx + C2 f x"'(pix)dx, V(/> E 
Jr Jr Jr+ 

Case 2: a ^ Z. If G V(R) with D^(j){0), Vj G N, then ^ e P(M), ^ G ^(M) 
and -^^FT G T>{M.). As before, since = —ax'^^ 1^1 " for 2; 7^ 0, 

\x\ 

I f{x)V^dx = 0, V(/. € Vm with L»J(/.(0) = 0,Vi e N. 

Let Tp G ^(M) with D^XO) = 0,Vj G N and IxpV' = V = 0. Then 

:= /_^'^ |t|"^(t)dt G P(M), ZJ^XO) = 0,Vj G N and V(a^) = Ix]". 
Hence Jj^ = 0, for such ip. 

As before, fixing G P(M) with Z)^0i(O) = 0, Vj G N, |x|"0i = 1, 

|x|"0i = and (t)2 G P(]R) with D^^ajo) = 0, Vj G N, |x|"02 = 0, 

02 = 1, we find ci, C2 G C such that for each G D(M) with D^(j){0) = 

o.vjeN, 

JR JR- Jr+ 

Let i be an embedding of I>'(R) into ^(M) (which preserves the pairing). For 
g = f - cii{x'^) - C2l{x%), we obtain f^gcf) = 0, V(/) G P(M) with D^XO) = 
0,Vj G N. Further, since x", x" are homogeneous distributions of degree a ^ 
§2.6], also g is weakly homogeneous of degree a [91, Prop. 4.21]. 
Now let m G N and G V{R) with D^(j){0) = 0, for each j / m. Let A G M+. 
Then Z)J(</.(x) - A™(/>(x/A))(0) = 0, Vj G N, so 

/ gix)<l){x) dx= [ g{x)X^<i) (^) dx = A°+™+i [ g{x)<i){x) dx. 
Jr Jr ^A/ 

As a ^ — m — 1 and A G arbitrary, gcf) = 0. 

Now let (j) G P(M) arbitrary. Let ip G I'(M) with ip{x) = 1, Vx G supp(/> and Vx 
in a neighbourhood of 0. Then for each m G N, (j){x) = Y2Y=0 ^^"^^^^ x^'ip[x) + 
x'^Rmix), where ii„ G V{R) withsuppi?™ C suppV'- Since D''{^^^xj'ip){0) = 
0, Vfe 7^ j, we have J^gfj) = J^9{x)x^ Rm{x) dx. Let n G N. By proposition 15.71 
there exists m G N such that j/j^ (7(x)x"^ 72^(3;) dx| < a". Hence /ig5<A = 0. □ 

6 Weak homogeneity in ^(IR^\ {0}) 

We show an analogon of the formula /(x) = / (yfj) \x\'^ , which holds for (strongly) 

homogeneous generalized functions of degree a on M"^ \ {0} [9j. The following 
example shows that (similar to distribution theory), we cannot maintain the 
equation in unchanged form (even in the sense of generalized distributions). 

Example 6.1. Let a G M. There exists f G ^(M"' \ {0}) such that J^a f4> = 0, 
V(/> G V{W^ \ {0}), hut yet /(^) jx]" ^{x) dx / 0, for some (j) G V{W^ \ {0}). 
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Proof. Let p € ^(M) with p{0) 7^ and with = 0, Vm G N, m > 1 

(for the existence of p, see e.g., [3 §1.2.2]). Let ^^(t) = [2p{^) - . 
Then^ = [(^^y G ^(K). Let f{x) = g{\x\) e g{M.'^\{0}). For e V{R+ xS'^''^), 



sup 



ge{r)il){r, uj) dr 



sup 



[2p(2r) — p{r)]ip{l + er, oj) dr 



Since for any m G N, V'(l + i-i^) = '(/'(li i^) + (^'^)c^r'0(l7 H h ^1 djP"ip{l + 

£r',uj), the moment conditions imply that 



sup 



ge{r)i{j{r,uj)dr 



<— sup |a™^(r,cj)| / r"^(2|p(2r)| + |p(r)|)dr, 



m! 



Now let (/> G 2:'(M'^ \ {0}). With ilj{r,uj) := r'^''^ (p{ruj) , if r > 0, and ip{r,tj) = 0, 
if r < 0, we obtain V G P(M+ x 5"^-^). Hence 







/ do; / 






J5<*-i Jo 



duj I r'^ ^ gi;{r)(j){rLo) dr 



<vol(5'^-^) sup 



ge{r)'4}{r,uj) dr 



□ 



for small e. As m G N arbitrary, fcj) = 0, V(/> G V{W^ \ {0}). Yet 
/ ( 1 — : ) cj){x) dx = g{\) / 7^ 

for some (/> G V{W^ \ {0}), since g{l) = [{e-^)e\p{<d) + 0. 

Hence (/'(x) is not stable when we add to / a function g 

with /jjrf 5(/> = 0, V(/> G \ {0}). Instead of the values /(w) (w G S"^~^), the 

property that ^^^0^ is constant in r for a homogeneous function / of degree a, 

suggests that for a fixed uq G with /j^no = 1, ^(w) := '^^^ Uo{r) dr 

might be a better candidate. As in lemma [STTl one easily sees that g GGiW^X 
{0}), if / G a(M^ \ {0}). We first show that the choice of uq is irrelevant. 

Lemma 6.2. If f & ^(M'^ \ {0}) is weakly homogeneous of degree a, then 



X 



dx = 0, vn G G^iR-^), yv G g, 



■>oo i'm)d\ 



Proof. Let u G 



u (r j dr 

Hence by theorem 15.31 for u G ^, 



. By partial integration, 

/(rw) Vf{ruj) ■ uj 



a- 



-a+l 



u{r) dr. 



and V 



fix) 



X 



a+d- 



-ru'(\x\)v(- — r) dx = [ v{u!)( [ — — ^-u (r) dr^ du! 

\mJ Js'i'^ ^Jr+ r'^ I 



li([x|) / X 



(a/(x) - V/(x) • x) — — ^ f 



dx = 0. 



Ge° 



□ 
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Proposition 6.3. Let f G Q{'K'^ \ {0}) be weakly homogeneous of degree a. Let 
ui,U2 € T>{R+) with J^m = Jj^U2 = 1. Let gj{uj) = ^^^Uj{r) dr, for 
CO G S^-i (j = 1,2). Then 



\\A) VfI 



Proof For ^ G 



f (roj^ 

{g2{^^) - giiuj))ip{uj) duj = I I — —{u2{r) - ui{r))'ilj{uj)du;dr 



R<^ \x\ 



— (^2(^1) - ni(|xj))V' (^j^^ = 0, 



by lemma [O] and by the fact that {n' : u G = {u G : /jgU = 0}. 

Thus, for G Vi^^ \ {0}), there exists iV G N such that 



52 ( O" ) ~ 51 ( o ) ) la^r ^{^) dx 



N 



(^^^ ^ (g2(^) - gi(c^))r°+^-V(rc^)rf^) = 0, 



since ^'(a;) := r°'+'^-^<p{rx) G ^^(M'^), Vr G M+. □ 

Theorem 6.4. Let f G \ {0}) be weakly homogeneous of degree a. Let 

uo G V(R+) with 4 no = 1. Let g{uj) = ^^uo{r)dr, for uj G S"^~^ Then 



f(xU(x)dx= g{--]\x\"(l)(x)dx, G P(M^ \ {0}). 

In particular, f is equal in the sense of generalized distributions to a (strongly) 
homogeneous generalized function of degree a in Q{M.'^ \ {0}). 

Proof Let u G and v G V{W^) and let (j}{x) = u{\x\)v{-^). Then 

/ 9 \ Tl I \A'^ dx = / g{uj)v{LL!) du! / u{r)r"^'^^^ dr 

Jr<* VfI/ ^sd-i iR+ 

-j-iio(|x|)u I -j — r) dx / u(r)r 



a+d-l 



I \a+d- 



where, by proposition 16.31 uq G 2?(M+) with JjgUo = 1 arbitrary. Suppose now 
that /jg M(r)r"+°'~i dr / 0. Then we can choose 

Uo{r) = ( / u{r)r''+'^-Ury\{r)r''+'^~\ 



and /jgd 5(1^) kr H^) dx = J^^a f(t> as required. 

If M(r)r°+'^-^ dr = 0, then w{r) = u(r)r'^+'^-'^ G {u' : u G I5(M+)}, hence 
by lemma 16.21 f(t> = 0. So also in this case, equality holds. For arbitrary 
</) G V{W^ \ {0}), the result follows by proposition [Ml since g{^) G ^(M'^ \ 
{0}). □ 
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We recall [§',1.2.24] that 

SriM.'^) = {{ue)e G C°° (M'^) ("'^^ : (V/? G N'^)(3iV G N) 

( sup \d^Ue{x)\il + |xj)"^ < e"^, for small e)}. 



The following corollary is somewhat similar to [9l Conj. 4.24]. 

Corollary 6.5. Let f G such that /|Kdy|o} ^-^ weakly homogeneous of 

degree a. Then f is equal in the sense of generalized distributions to some 
h G that admits a representative (/ie)e G £r 



Proof Let / = [(/,),] and let g^ix) = J^^ h^uo{r) dr, with uq G V{R+), 
/jgiio = 1. Let X G ViW^) with x(x) = 1, if |x[ < 1. Let he{x) = fe{x)x{x) + 
ge{-^) \x\'^ (1 — x{x))- It is easily checked that (/ie)e G £r{^'^)- By the previous 
theorem, for each (p G V{W^), 



fx(P+ I 9 { J (1 - x(3;))'/'(x)^ dx 

eD(R''\{0}) 



/0. 



□ 

The following example shows that under the assumptions of the previous 
corollary, / need not have a representative in Sri 



Example 6.6. There exists f G Q{M) which is equal to in the sense of gener- 
alized distributions, which does not have a representative {fe)e G £t{ 



I 2 

Proof. Let / G Q{M) with representative {fe{x))e = {e^^'^e~^e^ )e. Then for 
each (j) G I'(M), there exists G N such that suppi?!) C [— A^, A^], hence 







N 












j e E "^e^ (j){x)dx 


M 




-N 



\i — elne] 



< e^'e-^ sup 



N 



e^^^D'^{e''^<P{x))dx 



-N 



for each m G N. Hence / = in the sense of generalized distributions. Further, 
for each iV G N and e G (0, 1], 



sup (1 + |x|)-^ > \fe{N)\ (1 + N)-^ > e-^ (e^(l + N^Y > 

|3;|<Af 

Now let {ge)e be an arbitrary representative of /. Then for each G N, 
sup|a;|<jv \9e{x) — feix)\ < 1 for Small e. Hence for each A^ G N, 



\ge(x)\ 
sup , i^^is^jv > sup 



\fe{x)\ 



_ _ \g,{x) - f,{x)\ > _ 1 

^ \!\In (i + ixir - ' 



□ 

Remark. The following notion of homogeneous generalized function / = [(/e)e] G 
Q(R'^) was pointed out to us by V. Shelkovich: 



xm{^ + \x\y^ |x|<iv(l + F[ 
for small e. Hence {gs)e ^ £t 



18 



Definition. For A G R+, let Hx{f){x) = [(^^(Aa;))^] G g{R'^) (it is easy to 
see that this definition does not depend on the representative). Then we call f 
regularized homogeneous of degree a iff H\{f) = A"/ in Q{W^), MX G M"^. 

This notion also achieves good consistency with distributional homogeneity, 
if the embedding l: V'iW^) — > ^(M*^) is realized as i{u) = [{u ★ /Oe)e] with 
P£{x) = e^'^p{x/e), for some p G 5^{W^) with the usual moment conditions [HI 
§1.2.2]. It is easy to see that then i{u) is regularized homogeneous of degree 
a iff n is a homogeneous distribution of degree a. Further, the product of two 
regularized homogeneous generalized functions of degree a, resp. /?, is regularized 
homogeneous of degree a + /3 (a property that also holds for strongly, but not 
for weakly homogeneous generalized functions). Therefore, it is an interesting 
notion that deserves to be explored. Nevertheless, we believe that the weak 
homogeneity described in [9j and in this paper has its value as an intrinsic 
notion on QiW^). For instance, constant generalized functions are not necessarily 
regularized homogeneous of degree 0, and a generalized function / representing 
a homogeneous distribution u in the sense that f(j) = {u,4>), for each cp G 
P(M'*), is not necessarily regularized homogeneous (consider u = 5 and / = 
[(/9£2)e], where pe is defined as before). 

References 

[1] A. Antonevich, Y. Radyno, A general method for constructing algebras of 
generalized functions, Soviet Math. Dokl., 43(3), 680-684 (1991). 

[2] J.-F. Colombeau, New generalized functions and multiplication of distribu- 
tions, North-Holland 1984. 

[3] A. Delcroix, D. Scarpalezos, Asymptotic scales - asymptotic algebras. Inte- 
gral Transf. Spec. Funct., 6, 181-190 (1988). 

[4] A. Delcroix, M. Hasler, S. Pilipovic, V. Valmorin, Generalized function 
algebras as sequence space algebras, Proc. A. M.S., 132(7), 2031-2038 (2004). 

[5] N. Dunford, J. Schwartz, Linear operators, Part I: General theory. Inter- 
science, New York, 1958. 

[6] R. Estrada, R. Kanwal, A distributional approach to asymptotics, 2nd edi- 
tion, Birkhauser 2002. 

[7] C. Garetto, Topological structures in Golombeau algebras: topological C- 
modules and duality theory. Acta Appl. Math., 88(1), 81-123 (2005). 

[8] M. Grosser, M. Kunzinger, M. Oberguggenberger, R. Steinbauer, Geomet- 
ric theory of generalized functions with applications to general relativity, 
Kluwer 2001. 

[9] C. Hanel, E. Mayerhofer, S. Pilipovic, H. Vernaeve, Homogeneity in gener- 
alized function algebras, J. Math. Anal. Appl., to appear. 

[10] M. Nedeljkov, S. Pilipovic, D. Scarpalezos, The linear theory of Golombeau 
generalized functions. Pitman Research Notes in Math., vol. 385, Longman 
Scientific & Technical 1998. 

[11] M. Oberguggenberger, Multiplication of distributions and applications to 
partial differential equations. Pitman Research Notes in Math., vol. 259, 
Longman Scientific & Technical 1992. 



19 



[12] S. Pilipovic, D. Scarpalezos, V. Valmorin, Equalities in Algebras of Gener- 
alized Functions, Forum Math., 18(5), 789-801 (2006). 

[13] F. Treves, Topological Vector Spaces, Distributions and Kernels, Academic 
Press 1967. 



20 



